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Abstract, Effects of conduction-band splitting caused by the spin—orbit interaction on the
magnetoresistance in strict two-dimensional disordered semiconductor systems are considered.
The Dyakonov—Perel” process {the randomization of spin precession due to elastic scattering}
is assumed to be the dominant spin-dephasing mechanism. Unlike resuits published previously,
which turned out to be wrong, new expressions for the weak-localization corrections to
the conductivity under an applied magnetic field are derived. The field dependence of the
conductivity is proved to be of variable sign like that of metal films., The explicit forms of
the comrection are, however, markedly different from those known for the impurity spin—orbit
scattering. Both cases—the perpendicular and parallel magnetic field. where an acconnt of
Zeeman splitting it necessary—are discussed,

1. -Introduction

The problem of the current-carrier localization in disordered metals and semiconductors
containing randomly spread impurities has been extensively studied during the past decade
[1]. Accordance between theory and a large body of experimental results was most
impressive in the weakly localized regime (for €rT 33> 1, €p being the Fermi energy and ¢
the elastic lifetime), where a perturbational treatment from the metallic limit is applicable.
In this regime, by moving an electron through a sample, the interference between time-
reversal paths plays a particular role giving rise to various weak-localization effects. A
phenomenon studied very frequently is a particular sensitivity of the electrical conductivity
to variation in a magnetic field on a scale much smaller than that which determines the
classical magnetoresistance. It has beeen shown both theoretically and experimentally that
the sensitivity is controlled by such relaxation processes as inelastic scattering as well as
scattering by paramagnetic and spin-orbit (SO} impurities [1]. Thus the observation of the
magnetoresistance provides a method for determining the electron spin-flip time.

We will be interested, in this paper, in the case where the spin—orbit (SO) interaction is
the main reason for spin-flip events. At low temperatures, the SO scattering in disordered
metals is usnally due to the electric field of heavy impurities. For the first time, the effect
of SO impurities on the magnetoresistance was considered in [2]. Later on, this theory was
complemented by taking into account the Zeeman energy [3]. Causes for spin relaxation
in semiconductors are more numerous. Besides the spin—orbit interaction of degenerate
valence bands in p-type materials and the Elliott mechanism of impurity relaxation [4],
an important source of the relaxation is the intracrystalline electric field existing in non-
centrosymmetric crystals of heteropolar semiconductor compounds. Because of the field, the
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conduction-electron Hamiltonian in bulk crystals includes an SO term linear in momentum
(the p! term)[5]
o
HY =—(pxc)-a an
in the case of A;Bj compoundé with the polar space group C‘év, or cubic in momentum (the
p° term)[6]

HY =y [0:px(p} ~ P2) + 0y, (D} ~ P3) + 02 (P ~ P)] (1.2)

in the case of A3Bs compounds with the space group T2. Here c is the unit vector along
the polar axis, p is the electron momentum, ¢ is the Pauli spin-matrix vector, and & and y
are SO constants. Moreover the study of the spin-flip Raman scattering [7] and the optical
orientation of electron spins [8] have produced strong evidence that the spin relaxation in
the semiconductors is usually not due to heavy impurities, but is caused by the underlying
band structure. . .

There are many similarities but there are also important differences between the impurity
$0 relaxation in metals and the relaxation due to the band SO ccupling in semiconductors. In
the former mechanism, the spin-flip event can happen only as a result of a collision with the
SO impurity, hence the spin of an electron is conserved between the two successive collisions.
One can choose a direction as the spin quantization axis. Then the spin relaxation of the
electron is a stochastic process of transitions between two possible states: up and down with
respect to this direction. It is important that we may allow the spin quantization axes of
all electrons of a sample to be equally directed. In other words, one can choose a common
quantization axis. Unlike this, the spin dephasing in the band 30 coupling takes place
through the Dyakonov—Perel” {DP) mechanism [9]: the band SO energy can be considered
as the Zeeman energy in a fictitious magnetic field Br(p) = (e/Agup)(p x ¢) which
stochastically changes its direction by elastic scattering, giving rise to the spin relaxation.
Between the collisions, for an electron of momentum p, the projection of its sgin on the
Bi(p) direction is conserved. The common spin quantization axis is, however, absent-—
any projection of the total spin operator is no longer conserved. There is also another
feature of the spin kinetics specific for systems whose electron Hamiltonian includes SO
terms linear in momentum. It can be interpreted as the spin precession induced by diffusion
[10]. The differences pointed out force us to assume that the two mechanisms should affect
magnetotransport differently.

Up to now, little work has been done on incorporating the conduction-band SO coupling
into the weak-localization theory of strict two-dimensional (2D) systems. A previous
approach to the problem presented in [11] seems to be oversimplified. By considering
2D systems, they suggested a form of the Cooperon propagator like that known for the
impurity SO scattering. No evidence of the validity of such an assumption has been preduced.
Regrettably, the important consequences of the lack of central symmetry have escaped their
attention, and the final results turned out to be wrong.

The purpose of this paper is to develop the weak-localization theory for purely 2D
systems where the DP mechanism plays the dominant role. Conduction-band splitting in
heterostructures (and quantum wells) produced from II-VI compounds in such a way that
the electron-motion plane is perpendicular to the polar vector ¢ is to be described by the
Hamiltonian HY?. There are weighty arguments, including the interface electric field and
the strain induced by the dispersive forces, for the presence of the p' term also in the
electron Hamiltonian of -V heterostructures. The p’ term also can be responsible for
spin splitting. At low electron density, when only the ground state of a confining potential
is occupied, the contribution of the term to the effective 20 Hamiltonian can be obtained
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by obtaining the expectation value of H® for the state. In this way, for an orientation of
the structure along [001], one obtains

HSD = -—0' &(p) (1.3)

where & = (—p,, py, 0) and 8 = y(pz} This expression holds only at small filling of the
ground state, when pF % | pz) (pr being the Fermi momentum). At higher filling, terms
cubic in momentum are also to be taken into account. In most of the present paper we assume
the p! term is the main reason for the spin relaxation. So the theory should be applicabie,
in the first place, to A;Bg heterostructures. There are also experimental indications that the
p' term may dominate in some narrow-band-gap A;Bs heterostructures [12]. The opposite
limit, when the p! term is negligible in comparisen with the H#3-D Hamiltonian, is briefly
considered at the end. Corrections to the magnetoconductivity are shown to have the same
form in both limiting cases. The results obtained differ quantitatively and, in some respects,
qualitatively from those known for the impurity SO interaction, e.g. impurity SO coupling
does not result in magnetoconductivity of variable sign in purely 2D systems. whereas the
band SO interaction does. Thus the conductivity of a purely 2D system with the band SO
coupling turns out to be similar in form to that of a metal film [2, 3].

The cases when the Hamiltonians H{ and H>"} make comparable contributions to the
spin relaxation and when, in addition to the band 50 coupling, the impurity S0 scattering
should be taken into account, will not be touched on. However, the methods developed in
the present paper will undoubtedly be useful in the general situation.

It should be noted that mapphcablhty of the theory [2] to strict 2D systems was mentioned
even in the first works [13 14] in which antilocalization in 2D semiconductor structures
was observed. An attempt to interpret experimental results with the help of this theory,
made in the recent paper [15], seems to be incorrect. By fitting the magnetoconductance
data with a formula for the quantum correction to the conductance derived in [2], they
assumed 2H} = H, and HZ =0 (in the notations of [2] and [15]). At the impurity spin-
relaxation mechanism, this assumption supposes the possibility for the electron momentum
perpendicular to the system plane to change during the scattering process, which is (under the
confinement conditions) at variance with quantum mechanics. If one adopts the relaxation
mechanism due to the band 50 coupling, formulas of [2], as will be shown below, cease to be
applicable. Therefore, the expression for the conductance used in [15] does not apparently
correspond to any physical system.

The outline of this paper is as follows. In section 2, a description of the model is given
and the general spinor structure of the Cooperon propagator is discussed. The well known
difficulty of dealing with SO coupling relates to a non-trivial spin dependence acquired by
scattering amplitudes, vertices and other attributes of the theory. The analogous obstacles
in the diffuson propagator problem have been recenily removed with the help of a novel
form of tensor products of the Pauli matrices [10]. In order to take full advantage of a
technique of [10], we derive a relationship between the electron Green function and its time-
reversal counterpart and then, with the help of the relation, make a map from the Cooperon
problem to the quasidiffuson one. In section 3, a systematic scheme for investigating the
Bethe—Salpeter (transport) equation for the Cooperon propagator is presented. We find
eigenfunctions of the kernel of the equation and obtain an explicit form of the Cooperon
propagator in the absence of an external magnetic field. In section 4, diamagnetic effects
are studied. By means of the transport equation written in the coordinate space, where
it looks like an equation describing the diffusion accompanied by the spin precession, an
expression for the magnetoconductivity in the perpendicular magnetic field is obtained. In
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section 5, we take into account the Zeeman energy and find the magnetoconductivity when
the magnetic field B is applied in the plane of the 2D electron gas. Comments on systems
with the G- Hamiltonians are given in section 6. We give in section 7 a summary of our
results and conclusions.

It will be assumed below that the reader is familiar with the many-body quantum-field
theory (the Matsubara method, the Feynman diagram technique, etc). For a review on these
topics we refer to the textbook [16]. A familiarity with [10] is advised as well.

2. The general formula for the conductivity

We consider the degenerate two-dimensional Fermi gas of independent elecirons of charge
€, spin 315, and magnetic moment g = %gu,Bor scattered by normal impurities and subjected
to an external magnetic field B. Then the Hamiltonian is written as

H = Ho(p— SA) + Hy + Hiny @.1)
53
where
p2
Ho(p) = S talpxcl-o (2.2)
Hy=—-p-B 2.3)
Himp =Y _US(r — R)). (2.4)

Here A is the vector potential, r is the position of an electron, R; are the positions of the
arbitrarlly distributed short-range impurities of concentration rnyp. In equations (2.1)<(2.3)
and below we set i = 1. A standard technique [16] tells us that the elastic lifetime 7 is
given by

7 = mny U2 (2.5)
We shall consider the system under the following conditions.

(1) The SO energy, cpr, is small so that the parameter i = 2appr controlling the
kinetics of spin-flip processes is small

7 <1 (2.6)
{2) The magnetic field is also small
w.T € 1 WsTen K 1 2.7
where
We = % . s =|glugB (2.8)

are the cyclotron and paramagnetic resonance frequencies, and
- -1,2
To =T 1 (2.9)

is the spin relaxation time [9]. More precisely, equation (2.9} gives the order of magnitude
of the inverse spin scattering rate. The longitudinal and transverse relaxation times, 77 and
Ta, differ from (2.9) by numerical factors of the order of unity.

Let us first consider the system neglecting the diamagnetic effects. As known [1],
the weak-localization correction comes from the so-called Cooperon (ay|Cle, g, B)|p8)
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Figure 1. Ladder graphs for the Cooperon.
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Figure 2. The graphical representation of the arrow-reversal operation. The double arrow stands
for the opposite sign of the magnetic field.

shown in figure 1, where the solid line represents the impurity-averaged one-particle Green
function

T
GRW (¢ p, B) = [c ~Hyp)+p-B+ 5’;} (2.10)

and the dashed line between two crosses corresponds to the factor (mt)~!. Here the
superscript R (A) stands for the retarded (advanced) part of the function. For the reasons
mentioned in the introduction, it is convenient to the reverse direction of one of two electron
lines forming the Cooperon ladder. This transformation, which has meaning of time reversal,
can be carried out by means of the equality

g:Gre (6, p. B)g, = Gucle, —p, —B) ' (2.11)
easily verified using the identity
g-oT-g' =0 2.12)

where § = icgg, the superscript of T denotes transposition and the summation conventicn
for repeated indices is used. In the diagram language, the operation of the acrow reversal is
exhibited in figure 2. By applying (2.11) to the lower electron propagators of each graph of
the Cooperon ladder, one can express, as shown in figures 3 and 4, the Cooperon in terms
of an amplitude, (v | K (w, g. B)|vp),

(@y|ClpB) = g, (x| K(vB)gu, (2.13)

which is a sum of diffuson-type ladder diagra.mé. The short-range character of the impurity
potential enables one, in much the same way as in [10], to perform the integration over
internal momenta of each graph of the quasidiffuson ladder and to present the Bethe—Salpeter
(transport) equation in the form of a linear matrix equation

1
(vBIK (w, q, B)|ad) = LU BIT (w, q. B)Ix{) (kL1 K{w, ¢, B)|ad) (2.14)
where the kernel function T(w, g, B) is given by

) 1 d?
(BIT@, ¢, B)lar) = ~— f -(27’;2651(@ +0,p+q/2 B)Gl(er, p— ¢/2, - B).
(2.15)
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The kernel T(w, q, B) coincides with that for the diffuson problem of [10] except for the
magnetic-field dependence. Owing to the inequalities (2.6) and (2.7) and at small values of
wave vectors

gl &1 (2.16)

where [ = vt is the mean free path and vg = pg/m is the Fermi velocity, it is sufficient
to evaluate the kernel to the first order in wst and to the second order in gl

T(w, g, B) ~ Ty(w) + T1(B) + N1 (g) + T2{q). (2.17)

The kernels 5(@) and Ty.2(q) were calculated in [10]. T;(B) can be calculated in the same
way. As a result we have

(¥BlTo()|ed) = y,s3a;. + = (C Oyl Flar + = (C X &Yyg(c X o)y (2.18)
(¥BITH(B)|ar) = ——ﬁﬂ [(h - 0)ypdar +8y5(h - Ten ] (2.19)
(vBITi(@)eh) = LinQeip(@ x &) aigaly (2.20)
BITADlar) = =1 0% [8,58u0 + (- T)yple - T + (€ X @) (e X )iy ] @:21)
where
w1+ it u %14 iwt —n? v=’”2"” (2.22)
h=B/B Q = w1 g =gl (2.23)

The indices i, j, k, n refer to the 3D-vector Cartesian components (with the summation
convention} and e;z, is the 3D antisymmetric tensor. In writing equations (2.19)+2.21), we
retained only leading terms in the parameter . The appearance of the kernel 77 (g) linear in
wave vector is the essential ingredient of the theory. One should emphasize the important
feature of the expressions (2.18)—(2.24): all of them have a separable form—every term is
the tensor product of a matrix which depends only on the indices (¥, 8) entering the kerne!
T from the left (see figure 4) and a matrix which depends only on the right-side indices
{a, A). This arrangement of the spinor indices appears to be possible owing to identities for
the tensor producis of the Pauli matrices presented in appendix A of [10]. The free term of
the matrix equation {2.14), in accordance with (A.1.1} of [10],

Bysbup = 5[8ypdas + (- @)yp(C+ Tas + (€ X O)5(€ X o)) (2.24)

can be transformed to such a form as well. It is clear, therefore, that the solution of equation
{2.14) has to be of the same form

3
BIK(w, @, B)lady = Y x}sKijXes (2.25)
i,j=0
where
Xa(,x) = Ok XQEL'Z) ={c X D')E,IK'ZJ (i') ={C" ). (226)

The graphical representation of (2.25) is given in figure 5. ‘

Now we turn to the contribution which the Cooperon makes to the conductivity. The
simplest diagram containing the Cooperon is schematically given in figure 6(a). Note that
the velocity operator of the system

v(p) = i [Ho(p), 7] =:—f1- +a(cx o) @27



Band-spin—orbit coupling effects in weak localization 7

s p b B
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X v Figure 3. The relationship between the Cooperon
j‘ —P [ [ C and the quasidiffuson £.
P g-. 8
¥ b ) ' v 5
2 -b-!lt-h- ? > -
| ]
K = | + t K
| [
i I
ﬁ—.. -t N [34‘ ottt -
o X Hd
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Figure 4. The Bethe-Salpeter equation for the quasidiffuson.
X i
¥ ' 5
K =
Figure 5. The spinor structure of the quasidiffuson.
The left and right triangles comrespond fo the
o < B matrices . The arrows show the order of spinor
- o indices.

as well as the usual scalar part also has a spin component. Now we perform a series of
simple transformations of the graph 6(a). (i) Let us, in accordance with (2.13), substitute
the quasidiffuson for the Cooperon and (ii) apply the time-reversal operation (2.11) to two
Green functions, which join the Cooperon with the upper velocity vertex v{—p) and, using
the equality .

g-v'(-p)-g" = —v(p) (2.28)

to this vertex. It is easy to see that as a result of these manipulations both the g matrices,
which after perfoming the preseription (i) were on opposite sides of the quasidiffuson (see
figure 33, go to its right-hand side. (iii) Now one should utilize the representatlon (2.23)
and (iv} introduce the time-reversal set of spinor functions

XV =g-x"-g" = {1, ~(c x 0), ~(c- ). (2.29)

After all these transformations are performed the graph 6(a) acquires the form shown in
figure 6(b) in which the quasidiffuson looks like a Bose-type excitation carrying out an
interaction between the electrons. Spinor indices of every entity of the graph are arranged
clockwise. All other possible one-Cooperon diagrams can be generated from this by making
the velocity-vertex renormalization due to impurity scattering as well as by inserting a
single-impurity line so that it intersects the quasidiffuson line is shown in figure 7. A
straightforward investigation shows that because of the inequalities (2.6) and (2.7) these
complications result in negligible corrections to the value of the graph 6(a) and can be
ignored. Moreover, for the same reasons one can set the field B, the wave vector ¢, and
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the SO constant & equal to zero in all parts of the diagram except for the quasidiffuson. So
the quantum correction to the conductivity takes the form
d2
do = 2001:2[ —qz(Kno ~ K11 — Ky — K33) (2.30)
lai<g. (277)
where oy = e%¢pt/7 is the Drude conductivity, g. = (Dz)~V? is the cut-off momentum,
and D = vir/2 is the diffusion constant.

(a) (b) (e}

vi-p_) vi-p_) vipl

(&)
>~~~
(9)

Figure 6. Transformations of the simplest graph contributing to the weak-localization correction.
(a) The initial form {px = p + g/2). (b) The same graph after the substitution of equations
(2.11) and (2.25) (wiggly line is the quasidiffuson). (¢) The final form obtained after transferring
the left-hand g matrix from x; through the upper part of the graph to x;. Here the double
arrow on the right triangle (with the label ;) denotes the time-reversed spinor vector matrix
=g -xl-g=0-(cx ) —(c- )}

v

1 4

Figure 7. The diagrams contributing to the quantum correction to the conductivity to first order
in {¢r7)"!. Hatching symbolizes the impurity renormalization.

3. Spectral representation for the gquasidiffuson
In this section, we assume that the magnetic field is absent. As usual, we replace « in the
kernel T of the transport equation (2.14) by the inverse of the energy relaxation time z.

—iwr — = ¢, G.1)
Te
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Then the kernel takes the form
(@BIT{Q|y8) = Sa(q)dusdys + 1b(@)(c - 0)aple - @),5 + Ld(g) (e x TpslC X )5

i . .
+510(@ % S (3.2)
where .
QZ 2 2 QZ
l—a@ret s 1-@netr+ L 1-d@~er T+ L
(3.3)

The solution of the equation (2.14) is obtained by inverting the operator ! — 7. In order
to do this, as is well known, one needs to solve the eigenvalue problem for the kernel T,
i.e. to find a complete set of orthogonal eigenvectors & such that

@BITy)Ey|8D) = ¢ (pl@?). (3.4)

Summation over repeated indices is implicit throughout. An eigenvector ®® is a 2 x 2
matrix normalized ‘to 2’

(@189 = (@ jap)(Ba|BN) = 25, SR

where the sign * means that if

3
@BI®) =Y ey v =00y, 00) (3.6)
n=0
then
3 - -
(B"1B) = 3 vy 3.7
n=5

where ¢} is the complex conjugate of ¢,. There are four eigensolutions of equation (3.4).
One evidently is

a=alg 9=1 (3.8)
The other three can be looked for in the form
P=F.(cxo)+ Sc-o). 3.9

Substituting (3.9} in (3.4} and employing equations (2.16)—(2.22), one may easily derive a
set of equations from which the 2D vector F' and the scalar S may be determined. We write
the result in the form

d@F —t(g x )5S =¢F (3.10)
tF-(gxc)+big§=¢8 (3.11)

where ¢ = in Q. Solutions of the system have the form

12
b+d b—d\? 1 t N
= —¢ M = e —g- 3.12
w2 +[( 2 ) } Noy \ew -5 7 797° 512

- 172
= - — — = — - a - .13
€ 3 I:( 5 ) t | i i Ny c a+€2_dq o (3.13)

&=d B =g-(cxo) ’ (3.14)
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where
/2 1/2
Em—d) ( € — b)
Npn=t1+ Nay=1{1 3.15
[0 ( e —b @ +€(2> " (3.13)

and the argument g of the functions a(g), #(q), and d(g) is omitted for short. Now it is
not difficult to verify the validity of the spectral representation for the free term

1 3
5= [Bapdys + (c- Odaple- @)y + (e X OYyple x 0)5] = 51— > (@B1@O) (@ y8)
=0

(3.16)
and for the kernel
3 - . »
@BITIy8) = 3 3 co{eBl8) @ V1ys). (3.17)
i=0
Owing to (3.16) and (3.17), the solution of equation (2.14) can be written as
L s @Bl8D) (@0 |y8)
K|y8) = . 3.18
(@I K|v8) Zmrg T (3.18)

A more convenient form can be obtained if one utilizes the explicit form of the eigenvectors
and eigenvalues

1 . .
@BIK|y8) = 5—— | Abupbys + Ble Daple- @)y + Cile x @yl x o)L

+M - (e X O)gp(C - Tys — (- 0)ap M « (€ X O)ys] (3.19)
where the following abbreviations have been introduced:

A=(—a) (3.20)

B— 1-d : (3.21)

(1—b)(1—d)—n*Q?
§'g’ - (1= bY@ % €)(g x ¢/
1-d (-1 -d)—n20?
_ B{g x c)
M=—0T"ha-a-r70
It is important to note that the expressions (3.21)-(3.23) are not reducible to a sum of simple
diffusion poles. An attempt at factoring the denominators, e.g. at ¢ < 7

+ iﬁ)} [

results in the appearance of complex ‘relaxation times’, whose physical meaning is not
clear. Substituting (3.19)—(3.23) in (2.30), we find at 7, € 7

Cl =

(3.22)

(3.23)

(1 =b)(1 ~d) — 2 Q% = rz[ 7] (3.24)

fo@ _ 1 [mi ~3mE _cl} (3.25)
oy dmept Te Tso
where
Ci=2In2+ i (E-I- tan“'i) 7. (3.26)
VI\2 77
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4. Magnetoconductivity in a perpendicular field

It is known [3] that when an external magnetic field is applied perpendicular to the plane
of electron motion, the an effects of Zeeman splitting are much smaller than that of
diamagnetism and can be dropped. In small fields the diamagnetic effects can be taken
into account within the semiclassical phase-integral approximation for the Green function
(17]

G(ry, 72, b, B) = G{ry — ry, {Yexp (% frz A(s) ds) (4.1)

where A(r) is the vector potential and the line integral is performed along a straight line
between r; and 7;. By utilizing (4.1) and methods of [18], 'one can rewrite the transport
equation (2.14} in the coordinate space

(ayK(r, ) pB) = Lj—r-r—) [BaySis + (€ - Ohay (e OYpp + (€ X 0) (€ % o‘)’;ﬁ]

+Hay | TAD A (KA K (r, )| 08) A (4.2)
where the kernel T'(I1),
(op|TAD)|pB) = 5 [a(l'[)aayap‘g + (D) (c - Tlay(C-T)pp +d(ﬂ)(c P 0')” (e x o), ]

+5nl(1'.[ X c)"e,,jkcr&’],a;‘ﬂ (4.3)

is obtained from the kernel T(g) of equation (3.2) by the substitution of the differential

operator II,
V 2
=4 EA( ) , (4.4)

for the wave vector g.
In the presence of the magnetic field, it is convenient to deal with the spinor basis {f,},

. 1
I = o foy fo. Sy = (Lo, 02, 07) ox = :/_E(Ux Lioy) (4.5}

instead of the basis {y,} of (3.6). Let us also introduce creation and annihilation operators

A . A . c
b=z (0; —illy) bt = 5 e + M0y A= = (4.6)
obeying the Bose-type commutation relation. Then the kernel T(IT) takes the form
3
(ay|TAD|pp) = Zo(n?) + T) foray Fonps “.7)
§, =

where

a@ 0 0 0
0 4an 0 0
0

© _ 1
™=zl 0o o @ “.8)
0 0 0 (1)
0 0 g 0
i o o0 0 b
TN = 5‘350 0 0 0 bt (4.9)
0 bt -bp 0
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i
Guo = nIJE (4.10)

the # axis is assumed to be directed along ¢ and one should substitute (4/A%) (5T <+ %)
instead of I12 in the functions @, b, and d entering the matrix T, Again, just as in the
preceding section, the equation (4.2) can be solved once the eigenvalues and eigenfunctions
of T(IIL} are found

(ay |7 (ID)]pBY(Bo| Y (r)) = €' (ay |2V (). (4.11)

The eigenfunctions can be formed from the Landau states v, »(v) = {r|m, k} for a doubly
charged particle moving in the uniform magnetic field (where m is the main quantum number
and % is a quantumn number related to the degeneracy of the Landau levels). Let us define
some symbols by

l—a,=¢+ (%)(2m+1)
1—b,=0¢p+n+ G—) Qm + 1) (4.12)

l—dm-¢+?+(z)(2m+1).

One subset of the eigenvectors is
B (m) = fiylm) €y (M) = @, m=0,1,.... (4.13)

Here the coordinate dependence of the ket vector |m} is implicit as well as the dependence
on the degeneracy quantum number. The other subsets of solutions can be looked for in
the form

8D (m) =X (m) film — 1} + Xa(m) falm + 1) + X3(m) fs|m). {4.14)
Then (4.14) transforms into the linear-equation system

1 X1 () + igso/mX3(m) = e(m)X,(m) {4.15)

Ami1 X2 (m) + igsov/'m + 1X3(m) = e(m)Xa(m) (4.16)

—i(/mX:1(m) + Vm + 1X2(m)) + bu X3 = e(m)X3(m). @.17)

Among the solutions of (4.15)—-(4.17), there are three particular ones. The first corresponds
tom=-—1

B (1) = fi)|0) espy(—1) = do (4.18)
and the other two correspond to m =0

1 ig dy + by d — by 2
P (0) = — | J— L 21770 - =t 2
+ (0) N Fay1) (( :13 e J10) €op) > + 3 + g2

(4.19)

, : o di+bh dy — bo\?
@fp)(O) = m |:T)qs'n"2"f(2)|l) +.f3|0)} E({Spg = : - \/( 1 0) +Qi

€p 4 2




Band-spin—orbit coupling effects in weak localization 13

where
172
€ — dl) ( €-) — bo)
Nep={1+ N =(1+22-=2} | (4.21)
“ ( &t —bo ( €-) —di
Atm 2 1, when all three components of the eigenvector &%) (X, X5, and X3) are non-zero
let us introduce more quantities
¢ c c

H. = H = Hy = 4.22
“ 4eDr ¢ de DT, ¥ 4eDr,, ( )
H,
Ap=m+3+— : - (4.23)
H. H :
B, = == - : 4.24
m_+ s+ 3 (4.24)
H. Hy
Dm=m+%+?+23 (4.25)
H, 1/2
Crn={m— 4.2
() 4.26)
and rewrite the equations {(4.15)-(4.17) in the formv
Hi;(m)X P (m) = &)X (m) (4.27)
where
H,
£(m) = [1 — &(m)] ?‘r ~ (4.28)
D, ¥} —iCy,
Hj(m) = 0 Dpp —iCat . (4.29)

iCm iClm+l Bm

For every m = 1, the system (4.27) has three solutions (labelled by index 5,5 = 1, 2, 3). The
explicit form of the solutions is cumbersome as it is determined by roots of the characteristic
equation, det(¢§ — H(m)) = 0. Fortunately, there is no necessity to have the explicit form
because the Cooperon contribution to the conductivity is determined only by the eigenvalues
until the diffusion approximation is valid [2] and the eigenvalues enter the conductivity, as
it will be seen, via the trace of the matrix H™!(m). Foltowing [2], one should change the
integration in {2.30) by the summation on the eigenvalues ¢} of the operator T'(II)

d?q eB

—(23"[')2 - {4.30)

(ll
Then (2.30) acquires the form )

' M 1 1
80 (B) _ ,eBt {Z 1 1

o me |21 —€eaim)  1—em(-1) 1-¢f) 1~ G((sp;

{sp)

M .
- 431
> ] e

m=1s=1 | = €y

where the relation between eg;}(m) and the eigenvalues of (4.27) is given by (4.28). In

accordance with the restriction imposed on the domain of integration in equation (2.30),
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the upper limit in (4.31), M, is obtained from the inequality g% < g2, if one makes the
substitution

4
¢ =~ T > =(m +3). (4.32)
Hence, M = Hy/B — 1. It follows from (4.28) and (4.29) that
3 1 Hy s ] He
Y = == TrH(m). (4.33)

=1 1 - E(sp)(m) B s=1 (sp)( ) B
Thus we get the final result

so(B) _ 1 R 1 1 Bo+Dy
oy 2mept :

- Am Dy ByDy— Cz

- E Dingy Dt + Bu(Dmiy + D) — (CZ + C2 ) } ) (4.34)

D1 Dy 1 By — (C2 D1 + C2 L D)

The expressions (4.31) and (4.34) suggest the values of the magnetic field are so that the
quantities H,/B are integer numbers more than two. By treating experimental data, one
should first calculate 3o {B) at such discrete points and then extend the function between
the points with the help of a smoothing procedure of some kind. The result of such
manipulations presented in figure 8 clearly displays the possibility of weak antilocalization.

m=1

Figure 8.  Theoretical results of the magnetoconductivity in 2
perpendicular field B: (G1 = 2Zrept(o{BLl) — o{(M}foy) for the
choice of Hy=0.01{H,/3) for varions values of Hyy = x(Hfy/3), x =
3 . -0'5 —0 0.3(1), 0.3(2), 0.7(3). 0.9(4), and 1.2(3). In drawing the function

‘ " G)(B) between the discrete points B, = Hy(r +3)"1, n =0, 1, 2, ...
3.B / H tr  the linear extrapolation was used for the sake of simplicity.

*

5. Magnetoconductivity in a paralle] field

A parallel magnetic field appears in the problem only through the Zeeman interaction. In
this case, in order to solve the transport equation (2.14) the eigenfunctions of the kernel T of
{2.17) are not necessary. One can immediately look for the solution in the form analogous
to equation (3.19)

1
(@B1K|y8) = - I[Aauﬁaya + Blc:alaglc-olys +Ciyle x a’)uﬂ(c X a') ]
+[M - (e X Vple- Tys + (€ 0)egN - (€ X Tys)
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+ [S(¢ » )apdys + Udap(c - &)ys)

+[L - (€% FVapdys +845V - (€ x &)y5]} - (5.1)
The substitution of (5.1) into (2.14) results in a set of equations from which the scalars
A, B, S, and U, the 2D vectors M, N, L, and V, and the 2 x 2 matrix Ci; may be
determined. These equations are
' A=1+4aA—iQL-(cxh)

B=14+bB+M: s

ij = 311' -+ dc,_, , IQ(CX h),

M; =dM; — 122U (c x h), — Bs;

N:,' =ij +S,‘C['_,,' (5.2)
S=b5+L-s

U=al —~-iQM-(cx h)

Li=dL; —iQA(c x h); — Ss;

V; = aV; ~ iQ(c x h);Cy;
where

s=1{g Xc) 1=1inQ 5.3)
and a, b, and d are the functions introduced in equation (3.3). It is seen that (5.2) splits

into three systems of the same type for the sets of functions (A, S, L), (B, U, M), and
(IV, V,C;;). Let s define a symmetric 2 x 2 matrix with elements Dy;,

Dy = (1 = b)(1 — d)8y; + 557 + Q2 (11 - ) (c x h)i(e x R);. (5.4)

Then the solution of the system (5.2), which can be obtained by standard linear algebra
methods, has the form

L i _o2fl=? p- .
A= 1_a[1 Q (I_Q)(cxh),DU (cxh),] (5.5)
1 ,
B=T_—b(1+M'S) (5.6)
Cij = (1-b)D (53.7)
M, =N, =-Dj's; (5.8)
S=—U=—t2 ~5.D;}! (e x h); (5.9)
1-b\ .
L=V, = —iQ (1 ) Dyl (e x by (5.10)

where
Dyt = s {Glndn = FI@ X O+ 4u(@ X 41 + B X 4@ x O} (1D
and we have introduced
E = (1 —b)1 —d)+cos’ ¢ *
= —cos¢sing ° (5.12)
G =(1—-b)1 —d)+ > +sin’p Q*

= l1—a
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and ¢ is the polar angle of the vector §. Substituting (5.1) in (2.30) and carmrying out the
integration over ¢, we get

EG(B) 1 I y(}, _ 27?22) s .
_— e —— LA et A _d _ _ _
ap AmepT fn dz |: 1 —a (1-d)y +8°—(1-5)Q2y —2n"z +gz):|

x[y(y — 200y + )y - 22 + 227" (5.13)
where
7= Q%2 y =(1=b)(1—4d). (5.14)
From (5.13), it follows that in the low-magnetic-field limit
Sa(B) — da () -1 .
% = drert (@sn/ Te Tso) (5.15)
at T, <& T, and
30(B) —so(0) -1 ) (ré
o9 T 96mept (@sTe) Too (5.16)

at 7, € Ty. The magnetoconductivity in a wider interval, 0 € et < %, obtained by
means of the numerical integration of (5.13) is presented in figure 9.

Gy
0.0 3
\
-0.4
—0.8 !
-1.2

g 0.05 710
w{B)T

Figure 9. Theoretical results of the magnetoconductivity in a parallel field By (G =
daept(e(B) — ¢{0)fog) for the choice of t/t,,=0.3 for various values of z/z:
0.01(1), 0.03(2), 0.1(3).

6. Comments on systems with the H2!) Hamiltonian

In this section, we show that the magnetoconductivity of a system whose SO dynamics is
controlled by the Hamiltonian HED of (1.3) coincides (at equal SO constants & and 8)
with that of a system governed by the Hamiltonian H{? of (1.1). The proof is based on
comparing the conductivity graphs of the same type for the two systems. First note that the
Hamiltonians of the SO and Zeeman interactions, HS" and Hz, transform into

HEP(p) = B(p:0y + pyos) (6.1)
Hy=lwb-o b = (by, by, by) = (hy, ~hy, b;) (6.2)

under the rotation in the spin space about the Z axis by an angle of /2. This transformation,
being a canonical one, does not affect the system dynamics. Since p, and py are the
integration variables, one can introduce new variables

(P: Py) = (_ﬁxa P~y) ©.3)
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This change of variables transforms HE-"(p) into A3 (H)
I;s(g‘l) = ﬂ(_ﬁxay + ﬁygx) = ﬁf’ ‘ (2 X a) (64)

which has the same form as HY’(p). Now it is not difficult to understand that in the case
of a parallel magnetic field the transformation (6.3}, accompanied by replacing the unit
vector b with k, makes an one-to-one correspondence between the Feynman graphs of the
HSD(p) theory and those of the H) theory. Although the transformation (6.3) changes
the sign of the x component of the velocity vertex, p/m, this fact has no effect on the
diagonal components of the velocity correlation function. So the magnetoconductivities at
the paraliel field coincide.

In order to sce the coincidence at perpendicular fields, the following arguments should
be added. The part of the kernel 7> of the transport equation for the HEV system, which
is linear in wave vector, TI(B'D (g). after the rotation in the spin space and the change of
variables (6.3) acquires the form

@BITEVy8) = @BITi@Iys)

= %7?1 [(Gro- +G-03)ap(Z - O)ys — (2 - O)ap(dpo- +G-0u)ys].  (6.5)
Since
- 1 .., .. : - 1 . ..
Go = Etqu +igy) = —q- 4. = E(Qx —igy) = —4q4 (6.6}

it is seen that the matrix of the Tl(z‘l)(q) operator in the f basis (4.5) is the transpose of
the 77(g) matrix. The same is true for the operator T,(B'D(II) and, consequently, for the
total kernel T, Therefore, the sum in equation (4.32), determined only by traces of the
corresponding matrices, must be the same for the two systems. So magnetocanductivity
measurements in the weak-localization regime cannot distinguish between HS? and HED.

7. Summary

In this work a theory is presented which describes the weak-localization correction to the
conductivity in purely 2D semiconductor systems with the band SO inferaction. A transport
equation for the Cooperon propagator is derived which, because of the lack of central
symmetry, is no longer reducible to the ordinary diffusion equation. It is established that
the behaviour of the conductivity resembles that of metal films with impurity S0 scattering in
the sense that, depending on the strength of the S0 interaction, the localization can transform
into antilocalization and the magnetic-field dependence can be of variable sign. The explicit
expression for the quantum correction is, however, different in the two theories. The results
of the present work suggest that some recent measurements of the magnetoconductivity in
2D heterostructures should be re-examined in the light of the theory developed.
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Nete added in proof. Since this paper was submitted for publication, a short note by [ordanskii et af has appeared
' [19], dealing with a similar problem. They studied 20 systems with the Hamiltonian HZ2;! under the perpendicular



18 V M Edelstein

magnetic field. Their results are different from ours. It is difficult to identify the exact reason for the disagreement
because there were no derivations in that paper. We, however, do not rule out the possibility that the difference
can be attributed to a difference between the approaches applied. In the present calculation, Green functions were
used, which exactly took into account the so interaction. Instead of this, as far as we can ascertain, the approach of
{191 is based on a hypothetical possibility of considering the band so interaction as the electromagnetic interaction
with a fictitious spinor vector potential. We do not share this opinion that such an approach is tenable. Even if
such a potential could exist, it would fall far ouside the Maxwell theory. There are, for example, good reasons
for doubting whether the semiclassical phase-integral approximation (similar to equation (4.1), which is a direct
consequence of the gauge invariance) would be correct in the case considered. Therefore, we believe that any
results obtained within such an approach should be treated with great caution.
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